We investigate the universality of modal time correlation functions by using a closure equation for the normalized dimensionless time correlation function. As a candidate for a new universal function for turbulence we propose a solution to the closure equation in the case of the critical value of the wavenumber, at which the decay form of the time correlation function changes from exponential to oscillatory exponential. The solution is compared with the normalized dimensionless time correlation functions obtained from numerical results for onedimensional turbulence, such as the Kuramoto-Sivashinsky equation and that obtained from the direct interaction approximation for three-dimensional Navier-Stokes turbulence. As a result of the comparison, we adduce evidence to show that the normalized dimensionless time correlation function is universal in the case of the critical value of the wavenumber.
Introduction
Universality is one of the most interesting and important concepts required for understanding chaotic motion such as turbulent flow, and in a broader sense is an idea fundamental to physics in general. Universality implies that large-scale properties are independent of their governing equations, e.g. the dynamic renormalization-group method predicts the dynamic exponent z = 3/2 for both the noisy Burgers equation, 1, 2) which is also called the KPZ equation, and the Kuramoto-Sivashinsky (KS) equation. 3, 4) This universality is related to the slowly varying motion of large-scale properties; however, we are interested in the non-slowly varying motion of medium-scale properties in the present paper. In other words, the dynamic exponent is related to the exponent of the asymptotic decay form of the total time correlation function as t → ∞, 5) while we investigate the universality of the modal time correlation function throughout the entire domain 0 ≤ t < ∞ in the medium-scale, corresponding to the critical value of the wavenumber. Considering an arbitrary physical quantity u(x, t) and its Fourier coefficientû n (t), the total and modal time correlation functions are expressed by ensemble average, respectively. It is important to note that we focus on the time correlation functions in the medium-scale, corresponding to the critical value of the wavenumber.
It may seem unlikely that a physical quantity in a non-limiting case such as the mediumscale holds universality. In this sense, this is a unique point of the present paper. To understand the relation between medium-scale quantities and universality, it is important to realize that the functional form of the normalized dimensionless time correlation function in the mediumscale is almost independent of the wavenumber, but qualitatively changes from exponential to oscillatory exponential at the critical value of the wavenumber.
The present paper is organized as follows. In Sec. II, we investigate whether the normal- 
Normalized dimensionless time correlation function Q n (T)

Numerical results for the KS equation
We use the KS equation
to describe typical one-dimensional turbulence. This was originally proposed as a model for instabilities on interfaces and flame fronts 6) and phase turbulence in chemical reactions, 7) employing the periodic boundary condition u(x, t) = u(x + L, t). In this case the spatial period L is chosen to be 500, which is sufficiently large for the equation to produce chaotic motion.
The KS equation (2.1) is invariant under time-transformations, space-transformations, and parity; hence, its statistical solution is considered to possess the corresponding symmetries.
8)
The Fourier coefficientû n (t) of u(x, t) is defined aŝ
The modal time correlation functionŨ n (t) is expressed as
Only the modal time correlation function is treated in the present paper, and thus 'modal' is dropped from this point forward. A method of numerical calculation for the statistical quantities, such as the time correlation function, is given in detail in previous papers. 9, 10) It is obvious that the functional form of the time correlation functionŨ n (t) in (2.2) depends greatly on the wavenumber k n , and hence we consider the normalized dimensionless time correlation function Q n (T ), defined as
to determine the universal time correlation function. Here the normalized time correlation function U n (t) and the integral time scale τ (u)
n are defined as
and τ 
which is the time evolution equation of the normalized dimensionless time correlation function Q n (T ) for one-dimensional turbulence under four assumptions: statistical steadiness, statistical homogeneity, statistical parity invariance, and 'similarity' between the time correlation function U n (t) and the memory function Γ n (t),
Here the parameterτ n is defined as
where the integral time scale τ
n is defined as
Note thatτ n depends on the wavenumber k n . The initial condition for (2.3) is chosen to be
which is equivalent to the integral condition
because the integration of (2.3) over T from 0 to ∞ yields
The SA equation (2.3) holds a kind of universality because it is derived considering general one-dimensional turbulence. However, its solution depends on the wavenumber. We now discuss the reason why Q n (T ) is likely to be a 'universal' function, considering the numerical results of the KS equation in the preceding subsection. Figure 3 shows the dependence ofτ n on k n for the KS equation. Solid curves in Fig. 1 are the time correlation functions for a parameter region of 1.26 ≲ k n ≲ 2.01, which corresponds to that of 0.53 ≲ τ n ≲ 0.62, implying the weak dependence ofτ n on k n for 1.26 ≲ k n ≲ 2.01, while Fig. 2 indicates that the functional form Q n (T ) is nearly independent ofτ n for 0.53 ≲τ n ≲ 0.62.
Hence, the numerical results of the KS equation suggest that Q n (T ) is a 'universal' function. It is important to note that the dependence ofτ n on k n shown in Fig. 3 is not correct for k n ≲ 0.2 because, in numerical simulations, the whole domain 0 ≤ T ≤ T m of Q n (T ) must be a finite length, such as T m = 40, and hence it is impossible to numerically evaluate the integral time
n ≳ 40, which corresponds to the case of a small wavenumber. The correct asymptotic behavior is thatτ n → 0 as k n → 0. Figure 2 shows that the time correlation function decays exponentially in the case of small τ n but exhibits an oscillatory exponential decay in the case of largeτ n . 11) Hence, it is reasoned that the time correlation function exhibits neither exponential nor oscillatory exponential decay for some value ofτ n . This is called the critical value, denoted byτ c .
Universal time correlation function Q(T)
One-dimensional turbulence
First, we seek the time correlation function Q n (T ) in the case of the critical valueτ c by solving the SA equation (2.3) analytically. We obtain the following three approximate solutions:
forτ c = 0.36, (3.1) where
The broken line shows that the maximum difference between Q(T ) in (3.1) and Q SA (T ) is about 0.02, and the total difference ∆ 1 (10) is 2.7 × 10 −2 for 0 ≤ T ≤ 10, where
The dashed-dotted line shows that the maximum difference between Q(T ) in (3.2) and Q SA (T )
is about 0.025, and the total difference ∆ 1 (10) 
The maximum difference between Q SA (T ) and Q KS (T ) is about 0.01, and the total difference 
Three-dimensional Navier-Stokes turbulence
We now compare the time correlation function for the SA equation in the case of the critical valueτ c with that of homogeneous isotropic turbulence. The latter is obtained from 8/16 the direct interaction approximation (DIA), 12) which is consistent with numerical results of the Navier-Stokes equation (e.g. Fig. 1 of Gotoh and Kaneda 13) ) and also reproduces the Kolmogorov energy spectrum. It is important to note that all modal time correlation functions for three-dimensional homogeneous isotropic turbulence are merged into a single function under normalization and non-dimensionality. and Q(T ) in (3.1) as shown in Fig. 4 , it is useful to consider (3.1) as the universal function.
Note that the time correlation function (3.1), derived from the general one-dimensional turbulence equation, is consistent with that in three-dimensional Navier-Stokes turbulence. This independence of dimensionality suggests that (3.1) has a fundamental physical nature.
Power spectrum
We consider the power spectrum I(Ω), which is given by the Wiener-Khintchine theorem 14) I
The power spectra corresponding to the universal time correlation functions (3.1) and (3.3) are
and respectively, where
n = −0.00278301. is, however, that both spectra do not approach zero as Ω increases, which means that the following asymptotic form obtained from (3.4) and (3.5) is not appropriate:
as Ω → ∞.
Instead, the exponential spectrum a exp(−bΩ) is consistent with the numerical result for large values of Ω as indicated in Fig. 7 of Okamura and Mori. 11) However, the universal power spectrum (3.4) is more suitable than the exponential spectrum for the entire domain 0 ≤ Ω < ∞. Note that both (3.4) and (3.5) become Lorentzian for Ω → 0. 
Conclusion
We conclude that the normalized dimensionless time correlation function
(4.1) 11/16 and the corresponding power spectrum
are universal for one-and three-dimensional turbulence.
This time correlation function is useful for one-dimensional turbulence because the functional form of the normalized dimensionless time correlation function Q n (T ) is almost independent of the wavenumber especially in the medium-scale; thus, the universal time correlation function (4.1) is satisfied for some range of wavenumber in the medium-scale, and its functional form is simple.
For three-dimensional turbulence, the normalized dimensionless time correlation function derived from the DIA is independent of the wavenumber and is the universal function itself. However, the DIA equation is complicated, 12) and hence there is probably no analytic solution, exact or approximate. The universal time correlation function (4.1) is expressed in a simple functional form. Furthermore, the difference between them is tiny as shown in Fig. 6; hence, (4.1) is even useful for evaluating the time correlation function for three-dimensional turbulence.
Appendix: Solutions to the SA equation (2.3)
A.1 Derivation of (3.2)
The Fourier-Laplace transformation of (2.3) yieldŝ
whereQ
The initial condition (2.4) corresponds to
while the integral condition (2.5) corresponds tô
Similarly to the relation between (2.4) and (2.5), (A·3) is equivalent to (A·4). We now assume that the solution to (A·1) under (A·4) has the form of a Padé approximant as follows: 11, 15) Q n (Ω) = 1
n Ω 2 + a (4) n Ω 4
n Ω 1 + c (2) n Ω 2 + c (4) n Ω 4 .
It is important to note that (A·5) is different from (15) in the previous paper.
11 ) The previous paper treats the limiting case of Ω → 0 (or T → ∞), while the present paper considers the whole domain 0 ≤ Ω < ∞ and thusQ n (Ω) must satisfy the relation
for Ω → ∞ to guarantee the condition dQ n (T ) dT = 0 for T = 0.
Substituting (A·5) into (A·1) and expanding the result as a power series to fifth order at Ω = 0, we obtain the coefficients as functions ofτ n :
where
) .
Using (A·5) and the inverse transform of (A·2), we obtain the time correlation function
n Ω 2 + a (4) n Ω 4 cos(ΩT )dΩ.
The time correlation functions Q n (T ) exhibit exponential decay for small values ofτ n and oscillatory exponential decay for large values. 11) We expect the critical time correlation function to occur at the transition between these decay types. The condition is that 1 + a
where a (2) n and a (4) n are given in (A·6) and (A·7). The condition (A·9) yields the critical valuẽ τ c ≈ 0.361931.
13/16
We can thus evaluate the integral (A·8) with the residue theorem in the case of the critical value as follows:
for β ≈ 2.04833,
where Q(T ) denotes Q n (T ) in the case of the critical valueτ c .
It is important to note that (A·10) does not satisfy the initial condition (2.4) but the integral condition (2.5), because
indicating that Q(0) is larger than 1 by 2%.
A.2 Derivation of (3.1)
We modify (A·10) slightly into
forτ c ≈ 0.361931, in order to satisfy both the initial condition (2.4) and the integral condition (2.5).
A.3 Derivation of (3.3)
We seek a higher order solution Q(T ) to reduce the deviation of Q(0) from 1 in (A·11) and assume that the solution to (A·1) under (A·4) has the form of a Padé approximant
n Ω 2 1 + a (2) n Ω 2 + a (4) n Ω 4 + a (6) n Ω 6 + i b (1) n Ω + b (3) n Ω 3 1 + c (2) n Ω 2 + c (4) n Ω 4 + c (6) n Ω 6 .
Substituting (A·12) into (A·1) and expanding the result as a power series to ninth order at Ω = 0, we obtain the coefficients as functions ofτ n , the concrete functional forms of which are omitted due to their complexity. Using (A·12) and the inverse transform of (A·2), we obtain the time correlation function
n Ω 2 + a (4) n Ω 4 + a (6) n Ω 6 cos(ΩT )dΩ.
Now we seek the critical solution between the exponential decay forms with and without oscillation. The condition is that 1 + a (2) n x + a 
where A n = a 14/16
